A complex Hadamard matrix is a square matrix W with complex entries of absolute value 1 satisfying W W * = nI, where * stands for the Hermitian transpose and I is the identity matrix of order n. In this paper, we give constructions of complex Hadamard matrices in the Bose-Mesner algebra of a certain 4-class symmetric association scheme. Moreover, we determine the Nomura algebras to show that the resulting matrices are not decomposable into nontrivial generalized tensor products.
Introduction
A complex Hadamard matrix is a square matrix W with complex entries of absolute value 1 satisfying W W * = nI, where * stands for the Hermitian transpose and I is the identity matrix of order n. They are the natural generalization of real Hadamard matrices. Complex Hadamard matrices appear frequently in various branches of mathematics and quantum physics.
A type-II matrix, or an inverse orthogonal matrix, is a square matrix W with nonzero complex entries satisfying W W (−) ⊤ = nI, where W (−) denotes the entrywise inverse of W . Obviously, a complex Hadamard matrix is a type-II matrix.
In [7] , we gave a method to find a complex Hadamard matrix in the Bose-Mesner algebra of a symmetric association scheme. Applying this result, we classified complex Hadamard matrices in the Bose-Mesner algebra of a certain 3-class association scheme. In this paper, we construct certain complex Hadamard matrices in the Bose-Mesner algebra of a 4-class association scheme (X, {R i } 4 i=0 ) with the first eigenmatrix: 
where q and m are positive integers with q ≥ 4 and m ≥ 2. Then |X| = q 2m − 1, R 4 is a disconnected relation, and R 2 defines a strongly regular graph. If q is a power of 2, an even orthogonal scheme is an example of an association scheme with the first eigenmatrix (1) (see [3, Chapter 12.1] ). If m = 1, then R 3 = ∅, and this scheme reduces to an even orthogonal scheme of class 3 which we considered in [7] .
For a type-II matrix W ∈ M X (C) and a, b ∈ X, we define column vectors Y ab by setting
The Nomura algebra N (W ) of W is the algebra of matrices in M n (C) such that Y ab is an eigenvector for all a, b ∈ X. It is shown in [9, Theorem 1] that the Nomura algebra is a Bose-Mesner algebra. Throughout this paper, we denote by X = (X, {R i } 4 i=0 ) a symmetric association scheme with the first eigenmatrix (1). Let A 0 , A 1 , A 2 , A 3 , A 4 be the adjacency matrices of X. Let w 0 = 1, w 1 , w 2 , w 3 , w 4 be nonzero complex numbers, and set
The main purpose of this paper is to prove the following: (ii) Assume
Then, the matrix W in (2) is a complex Hadamard matrix if and only if The reason for the assumption (4) is as follows: Calculating the conditions under which the matrix (2) becomes a complex Hadamard matrix experimentally for small q and m, we find that (4) is fulfilled, or (iii) a 0,4 = 2(q 2m − 6)/(q 2m − 4), or (iv) a 0,4 is a zero of a polynomial of degree 9.
For the case (iii) with m = 2, 3, we have w 1 = w 3 = w 4 . Therefore, this case reduces to the case in which the matrix W given in (2) belongs to the Bose-Mesner algebra of the strongly regular graph defined by R 2 . However, it seems to be difficult to prove w 1 = w 3 = w 4 for arbitrary m ≥ 4.
For the case (iv), we verified that the polynomial in a 0,4 of degree 9 is an irreducible polynomial for m = 2, . . . , 9 and q = 2 s with 2 ≤ s ≤ 10000. However, it seems difficult to determine the polynomial of degree 9 satisfied by a 0,4 in general. For example, for (q, m) = (4, 2), if the matrix (2) It can be shown that p(x) has only one real root in (−2, 2) by using Sturm's theorem. Then, by using Lemmas 1 and 2 below, there exist w 1 , w 2 , w 3 , w 4 such that (2) is a complex Hadamard matrix. Under the hypothesis of (4), we find that a 0,1 = 2 or a 0,1 is given by (5), or (v) a 0,1 is a zero of a polynomial of degree 4.
It seems to be difficult to determine w 1 , w 2 , w 3 for the case (vi) for arbitrary q and m. For example, for (q, m) = (4, 2), if the matrix (2) is a complex Hadamard matrix, then w 1 , w 2 , w 3 are given by the following:
Preliminaries
We define a polynomial in three indeterminates X, Y, Z as follows:
We define a polynomial in six indeterminates X 0,1 , X 0,2 , X 0,3 , X 1,2 , X 1,3 , X 2,3 as follows:
For a finite set N and a positive integer k, we denote by N k the collection of all k-element subsets of N .
Assume
Let w i 0 , w i 1 be nonzero complex numbers satisfying
Then for complex numbers
, the following are equivalent:
(ii) for all i, j with 0
Moreover, if one of the two equivalent conditions
We let A denote a symmetric Bose-Mesner algebra with adjacency matrices A 0 , A 1 , . . . , A d . Let n be the size of the matrices A i , and we denote by
the first eigenmatrix of A. Then the adjacency matrices are expressed as
,
Let w 0 , w 1 , . . . , w d be nonzero complex numbers, and set
Lemma 2 ( [7, Lemma 7] ). Let X i,j (0 ≤ i < j ≤ d) be indeterminates and let e k be the polynomial defined by and (14) holds for some i 0 , i 1 with 0 ≤ i 0 < i 1 ≤ d, then W is a scalar multiple of a complex Hadamard matrix.
We now describe the proof of Theorem 1 briefly. Let A 0 , A 1 , A 2 , A 3 , A 4 be the adjacency matrices of an association scheme X with the first eigenmatrix (1) . Let w 0 = 1, w 1 , w 2 , w 3 , w 4 be nonzero complex numbers, and W be the matrix defined by (2) . For i, j ∈ {0, 1, 2, 3, 4}, define a i,j by (3). We write a = (a 0,1 , a 0,2 , a 0,3 , a 0,4 , a 1,2 , a 1,3 , a 1,4 , a 2,3 , a 2,4 , a 3,4 ) (17) for brevity. Consider the polynomial ring
In Section 3, we first assume that W is a complex Hadamard matrix. Then by Lemmas 1 and 2, a is a common zero of the polynomials
Let I be the ideal of R generated by these polynomials. Calculating the ideal generated by I and X 0,4 − 2, we find (i) and (ii) of Theorem 1. Conversely, we assume that w 4 = 1 and w 1 , w 2 , w 3 are given in Theorem 1. Then, to show that the matrix W given in (2) is a complex Hadamard matrix, we check that a defined by (3) , (17) is a zero of the polynomials (19), (20), (21). Moreover, we check that −2 < a i 0 ,i 1 < 2 holds for some i 0 , i 1 with 0 ≤ i 0 < i 1 ≤ 4.
All the computer calculations in this paper were performed with the help of Magma [2] . In order to facilitate computations covering all possible values of the integer q, we perform the computations in the polynomial ring with 12 variables q, r = q m and X i,j over the field of rational numbers, rather than the ring (18). The results valid for this generic setting are also valid for arbitrary integers q and m.
Proof of Theorem 1
Recall q ≥ 4 and m ≥ 2, and I is the ideal of the polynomial ring R generated by the polynomials (19), (20), and (21). For the remainder of this section, we assume that a 0,4 = 2, that is, w 4 = 1. Let I 1 denote the ideal generated by I and X 0,4 − 2. For Lemmas 3-5 we assume that a defined in (17) is a common zero of the polynomials in I 1 .
Lemma 3. We have
Proof. We can verify that I 1 contains X 1,2 + 2(q 2m − 2)/q 2m . Hence we have (22).
Proof. Let I 2 denote the ideal generated by I 1 and X 0,1 − 2. Then we can verify that I 2 contains (X 0,3 − 2) 2 , that is, a 0,3 = 2. Hence w 1 = w 3 = 1. Since a 1,2 is given in (22), the matrix W given in (2) belongs to the Bose-Mesner algebra of the strongly regular graph defined by R 2 . From [4] we have the condition of w given in (i) of Theorem 1.
Proof. Let I 3 denote the ideal generated by I 1 and X 0,1 − a 0,1 . Then we can verify that I 3 contains q(q 2m−1 + q − 2)X 0,2 + 2(q 2m − q 2 + 2q − 2), that is,
Let I 4 denote the ideal generated by I 3 and p 1 (X 0,2 ). Then we can verify that I 4 contains X 0,3 − 2, that is, w 3 = 1. From (13) we obtain
Since w 2 1 − a 0,1 w 1 + 1 = 0, we have (6) from (22), (23).
Proof of Theorem 1. Suppose that the matrix (2) is a complex Hadamard matrix. For i, j ∈ {0, 1, 2, 3, 4}, define a i,j by (3). Let a be given in (17). Then a is a common zero of the polynomials in I 1 by Lemma 2. From Lemmas 4, 5 we have (i) and (ii) of Theorem 1. Conversely, assume that w 1 , w 2 , w 3 , and w 4 are given in Theorem 1. Then, we show that the matrix given in (2) is a complex Hadamard matrix. To do this, we check that a defined by (3) is a zero of the polynomials (19), (20), and (21), and (w 1 , w 2 , w 3 ) are complex numbers of absolute value 1. The latter condition is satisfied if −2 < a i 0 ,i 1 < 2 holds for some i 0 , i 1 with 0 ≤ i 0 < i 1 ≤ 4.
Case (i) is done by [4] . Next consider Case (ii). From (3), (5), and (6) we have (22) and (23). Then we have
This is a zero of the polynomials (19), (20), and (21). It is easy to check that 0 < a 0,1 < 2.
Proof of Theorem 2
Since q 2m − 1 is a composite, there are uncountably many inequivalent complex Hadamard matrices of order q 2m − 1 by [6] . Indeed, such matrices can be constructed using generalized tensor products [8] . We show that none of our complex Hadamard matrices is equivalent to a nontrivial generalized tensor product. This is done by showing that the Nomura algebra of our complex Hadamard matrices has dimension 2. According to [8] , the Nomura algebra of a nontrivial generalized tensor product of type-II matrices is imprimitive, and this is never the case when it has dimension 2.
Recall q ≥ 4 and m ≥ 2. The intersection matrices B i = (p k ij ) (i = 0, . . . , 4) of X are given by the following:
Proof. Suppose that N (W ) is not symmetric. Then by [9, Proposition 6(i) ], there exists (b, c) ∈ X 2 with b = c such that
This is equivalent to
for some i ∈ {1, 2, 3, 4}. Using the notation (3), we have
It can be verified by computer that (24) is nonzero for each of the cases (i)-(ii) in Theorem 1.
Since N (W ) is symmetric, the adjacency matrices of N (W ) are the (0, 1)-matrices representing the connected components of the Jones graph defined as follows (see [9, Sect. 3.3] ). The Jones graph of a type-II matrix W ∈ M X (C) is the graph with vertex set X 2 such that two distinct vertices (a, b) and (c, d) are adjacent whenever Y ab , Y cd = 0, where , denotes the ordinary (not Hermitian) scalar product.
Proof of Theorem 2. We claim that (x, y) and (x, z) belong to the same connected component in the Jones graph whenever (x, y), (y, z), (z, x) ∈ R 4 . Indeed, if (x, y) and (x, z) belong to different connected components, then (y, x) and (z, x) belong to different connected components by Lemma 6. In particular,
Since p 4 1,3 = p 4 2,3 = 0, we have
for j, k ∈ {1, 2}. Then we have
Since the rank of the coefficient matrix in (25) is 7, we have one degree of freedom in (25).
Combining (25) and (26), it can be verified by computer that these conditions give rise to a polynomial equation in q which has no solution in positive integers q ≥ 4 for each of the cases (i) and (ii) in Theorem 1. Therefore, we have proved the claim. This, together with Lemma 6, implies that, for each equivalence class C of the equivalence relation R 0 ∪ R 4 , (C × C) ∩ R 4 belongs to the same connected component in the Jones graph.
Let C and C ′ be two distinct equivalence classes of R 0 ∪ R 4 . We claim that, for any (x, z) ∈ C × C ′ , there exist y ∈ C such that Y xy , Y xz = 0, and there exist y ′ ∈ C ′ such that Y y ′ z , Y xz = 0.
Suppose ( Switching the role of x and z, we see that there exists y ′ ∈ C ′ such that Y y ′ z , Y xz = 0. Therefore, we have proved the claim. Since C and C ′ are arbitrary, the claim shows that, in the Jones graph, R 4 is contained in a single connected component, and that every element (x, z) ∈ R 1 ∪ R 2 ∪ R 3 is adjacent to an element of R 4 . Thus, R 1 ∪ R 2 ∪ R 3 ∪ R 4 is a connected component of the Jones graph. Therefore, dim N (W ) = 2.
